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Extension of the adiabatic approach to a multi-step separation method is
presented. This method step by step reduces the multi-dimensional Schrodin-
ger equation to the effective equations of lower dimensions. The reduction
procedure allows to take advantage of multi-level hierarchy of various physical
systems. The multi-step separation method is applied in the calculation of
vibrational energies of coupled oscillators. The new method is found to be
very effective and accurate.
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1. Introduction

In the description of many-body systems the approximate methods are usually
applied which allow to reduce the multidimensional Schrodinger equation to the
effective equations of a lower dimension. Such approximations are performed
with the adiabatic Born-Oppenheimer (BO) method [1, 2] and its modification,
the adiabatic Born-Huang (BH) method [3]. The BO and BH methods make use
of the hierarchy within the molecule structure in which the electron motion creates
the effective potential for the nuclei. Thus, the nuclei are in‘'a way subordinated
to the electrons. The essence of the adiabatic methods is a division of the whole
configuration space of the system into the subspace of electron coordinates (r,.)
and the subspace of nuclear coordinates (r,). Then the hierarchy of these sub-
spaces is fixed. The electron coordinates (r,) are treated as “more important” so
in the beginning the electron function q§e and electron energy &, are determined
which parametrically depend on (7,):

(H_Tn_%e(rn))(ze(re; rn):O (1)
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where H is the total Hamiltonian of a molecule and T, is the kinetic energy of
the nuclei.

In the second step the nuclear function <1§,,(r,,) and approximate energy of the
system & are determined from the equation:

(To+ (1) =€) (1) =0 (2)

in which &.(r,) is treated as a potential. The approximated total wavefunction
&(r., r,) is defined as

BTy 1) = Be(re; 1) (1) 3)

The hierarchy in the adiabatic methods determines the sequence of the separation
of variables, i.e. the sequence of the determination of effective wavefunctions for
the two subsystems: electrons and nuclei.

There are a lot of physical systems the structure of which reveals a complicated
multi-level hierarchy. For example a molecule. Within its electron subsystem
various types of states can be distinguished e.g. Rydberg states, valence states,
core states (see for example the monograph of Herzberg [4]). Within its nuclear
subsystem we can distinguish the states connected with low-frequency nuclear
motions (inversional and torsional motions), with nuclear motions of medium
frequencies (ring vibrations) and with those of high frequencies (vibrations of
light atoms) {5].

In this paper we propose the multi-step adiabatic method of reducing the variables
in a multi-dimensional problem. This new method provides the possibility to take
advantage of the multi-level hierarchy of physical systems.

We study this method in the multi-dimensional problem of coupled oscillators
(CO). The CO models represent molecular vibrations, so they are widely used
in the vibrational spectroscopy of molecules [6, 7], in the theory of intramolecular
energy transfer and unimolecular reactions [8, 9].

The calculations of energy levels of CO is a serious problem. Most often the
variational Ritz method is applied, however its application is limited by the size
of the basis growing quickly by increasing the dimension of the problem.

Recently, various approximate methods have been studied intensively as to their
application to the CO problem. So far most of the works concerned semiclassical
approximation [10-16], SCF [7,17-19] and SCF CI [19-21] methods. Quite
recently, an adiabatic method was also applied in the calculations of vibrational
energies of molecules [22-24] as well as in the study of the model systems such
as Barbanis [25], Caswell-Danos [25] and Hénon-Heiles [26,27] CO.

In this paper we study the efficiency of the adiabatic multistep separation in the
CO problem. This method reduces the multi-dimensional problem by a multi-step
procedure. We prove that the method discussed is easy to be applied and is very
useful in the CO problem.
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2. Reduced wavefunctions and effective potentials

Let us consider a system with many degrees of freedom. Having assumed that it
has a hierarchic structure let us divide the configuration space X of its variables
into subspaces: X=(x;, X...,x8)=(1, 2,...,k...,n) where k=/(x,,
Xu,s - - - » Xx, ) Stands for the kth subspace connected with the kth subsystem.

The approximate wavefunction of the system described by the Hamiltonian

H=Y T(k)+V(1,2,...,n) 4

we define in the form

$(1,2,...,m)=i(1;2,...,m)x(23,...,n) - - - bu(n) (%)
where the functions d;k(k; k+1,..., n) we will determine from the equations of
the following general form:

[To(k)+ Vi(k, k+1,...,0)= & (k+1,...,n)]du(k; k+1,...,n)=0. (6)

The variables k+1, ... n in the kth equation are the parameters as they do not
appear in the differential operators 7,(k).

In order to determine effective potentials Vk so that they reflect the hierarchy of
the system and give good approximation for its wavefunction ¢ let us consider
the functions ¢, They are connected with the reduced density matrices [28-33]
which are defined by the relations:

p(k)(k’"',n)=<¢(15 2,...,")'!//(1,2,...,"))1 ..... k-1 (7)
where

Wlyro=|vl
and

.....

It is easy to calculate 5 for the approximate wavefunction of the form (5)
provided that the following normalization condition is imposed on the ¢, func-
tions:

(Geles ., mlfulies s m=1. (8)
This condition can always fulfilled if Egs. (6) are linear. Then, we have:
PO =(dloha i =TT 1ih:. .. sn)f )

and

|G = 5Pk, ..., n)/ ¥ (k+1,..., n)

.....
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As can easily be seen, the functions &, are strictly connected with 5 so we will

further refer to them as the reduced wavefunctions (RWF).

It is worth noticing that RWF can be calculated not only for the approximate
wavefunction ¢ but for the exact ¢ as well. The exact RWF ¢, defined by

¢l =p (K, ..., n)/ p* ket 1,..., n) (11)

has the analogical properties as the approximate ones, namely they obey condition
(8) which follows directly from Eq. (11) and fulfil Eq. (9).

Now, let us consider the relation between {¢,} and the energy E of the system.
Let us calculate the integral (¢ Tf); .. As the operator T;

.....

To=—(#%/2) ¥, m;'9*/9x} (12)

ick

does not act on the functions ¢,;(i>0), it is sufficient to calculate

<¢k‘ Ty ¢k>1 ..... ke
From Eq. (8) for ¢, it follows:

8/ 0% il ide = 28/ dx:by ) =0 foriel=1,...,n - (13)

which implies:

So, the expression for energy can now be rewritten in the recurrential form:

$k+1(k+1"",n):<¢lek+V?cﬂld)k)k (14)
where
k-1
Vik,...,n)=&(k,...,n)+ Y Ak, ..., n) (15)
=1
where
Ak,l =<|¢k—1‘2 e |¢1+1|2<¢1Tk¢1>1>1+1 ..... k—1 (16)
and

&=V({1,...,n), €,..=E.

If we divide the configurational space into subspaces and arrange them in a
certain way, i.e. introduce a certain hierarchy, then for each subspace which we
will further identify with the kth group of particles of quasiparticles in the system,
a RWF exists which depends only on the variables (k) and on less important
(k+1,...,n). The functions {¢}1—, allow to calculate &..,(k+1,...,n) which
has the meaning of the average energy of the kth group of particles, and
Agi(k, ..., n) which represent kinematic couplings of the kth group with the
more important (1,...,k—1) groups. Ay, will be further referred to as kth
kinematical correction of (k — I)th order. The V§ represents the effective potential
of the kth group of particles. The above results extend the meaning of RWF and
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the effective potential which has been proposed by Hunter {34-36] for the case
of the division of the configurational space into two. We would like to propose
an approximate method to calculate V5 and ¢.

3. Adiabatic multi-step separation method

We are interested in the problem of approximate determination of RWF ¢, and
effective potentials Vi'. We would like to calculate them from the equations of
the form (6). These equations are postulated to have their structure consistent
“with the structure of Egs. (14-16). Under these conditions we obtain:

k-1
[Tk+gf+z Afj,——gigﬂil(ﬁf:o, k=1,...,n (17)
=1
where
gfgz V(1,2,... ,n), %fﬂ:—: 4

We will now show that €, defined as above, is an upper bound of the ground-state
energy E of the system. With regard to Egs. (14-17) and assuming the functions
¢% as normalized with respect to the relevant variables (k) we obtain

€= Ho .., ¢"= 11 o1
The variational principle for the Schrodinger equation (H — E ) =0 leads to

..........

It is worth noting that for n =2 Eq. (17) defines the adiabatic BH approximation
applied in the description of molecular systems. Hence, these equations represent
the extension of the BH method.

At n>2, the inclusion of all kinematic corrections A, and especially those of
higher order is beset with difficulties, however, equations of the type (17) can be
postulated in which some of the corrections do not occur.

Let us denote by . the set of indices (k, I) labelling all the corrections Ay,
occurring in equation (17), and let & stand for the subset Z< &, and £=A\Z,

We assume the equations in the form:

k—1

[Tk+%f+ Y Af,—%f+l]¢f=o, k=1,...,n (18)
1=
(k,f)elz’

where the definitions of Af, and %7 are analogous to those of Eq. (17), and
proceed to explain how to assess the accuracy of the approximation assumed.

4. The accuracy of the extended adiabatic approximation

The accuracy of the approximate wavefunction ¢~ and energy €% determined
from Eq. (18) depends on the fact whether the division of the space as well as
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the hierarchy assumed correctly reflect the structure of the system. The exact
energy E calculated from Egs. (14-16) does not depend on that, because the
exact RWF’s {¢.} include the information about the whole system since they are
determined by the exact ¢ of the whole system. Therefore a change in the division
of the space immediately leads to the corresponding change in {¢;}. It is easy
to note that the adiabatic RWF’s {¢#} do not have such property as each of them
comprises only a piece of information about the system. The equation for the
adiabatic kth RWF only takes into account the more important subsystems
I=1,...,k—1 which means that the adiabatic approximation assumes a one-
direction coupling between the subsystems (the less important system is subordin-
ated to the more important one with no feedback possible). Thus, the problem
of the adequacy of the approximation assumed influencing the accuracy of the
energy determination is of great importance. In the following we will give the
relations allowing to estimate this accuracy for the ground-state of arbitrary
system.

The following inequalities are fulfilled (the proof is given in Appendix 7.1)

E<€%+ Y (¢% - ¢pTATOT - dDms (19a)
(kDex
Ez%€%+ 3 (¢p dlAu—ATlde* dudin
(ke
+ Z N (¢n' v ¢kAk,1¢k' o ¢n>k,...,n' (19b)
(k,De¥F

The preceding inequality can serve for assessing the accuracy of extended BH
method. Indeed, by putting & = &f (taking into account all the corrections Aif,),
we obtain
Y {dn e BilAT - Acldi - i nz € E=0. (20)
(ke
The accuracy of BH method is, thus, given by the sum of the averaged with the
{#:} differences between the exact and the adiabatic kinematical corrections
which, averaged, are too large.

Assume we include no corrections A% in Egs. (18) in which case & = . We then
obtain equations analogous to those of %0. Applying the inequalities (19a, b)
we have:
(a0 pROAR $L - du ). n= E— 8720 (1)
(khest ' ”
signifying that the extended %0 method gives a lower bound to the energy, as
in the case of n=2 [37, 38].

Between €% and €7 the following relation holds:

.....

(kheZ

Zuf %<¢ff PR ALY =0 (22)
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stating that the result obtained on the rejection of an arbitrary number of
corrections A%, is not lower than &%°

In the special case of &=« the relations (22) permit the evaluation of the
difference €% — €% which is an estimation of maximum error given by extended
B0 or BH methods.

5. Adiabatic multi-step separation method for coupled oscillators

In this section we will show that the extended adiabatic method is very useful
in calculations of eigenenergies of the multi-dimensional Schrédinger equation
for COs.

We will study the accuracy of the method presented for the generalized Hénon-
Heiles CO model defined by the three-dimensional Hamiltonian

3
H(xy, %3, x3)= ¥ hi(x;)+ V.(x1, %5, X3) (23)
i=1
with
hi(x;) = %(—az/ax%'*’ (wixi)z + 2ai,0x?) (24a)
and
V.= a, ;%54 ay 53X (24b)

Recently, the energies of this Hamiltonian have been calculated by applying
semiclassical [15, 16], SCF and SCF CI [19] methods.

We will solve Eq. (17) for Hamiltonian (23) applying perturbation theory because
usually |aiJ|<< 1 (we will take a, o= a;,=—0.01, a,,=0 and a,,=a,3;=-0.1, the
same as in Refs. [16, 19]). In calculations we will neglect all the terms lower than
107

Let us divide the space X =(x,, x,, x3) into subspaces 1={(x,), 2=(x,), 3= (x;)
and let us calculate the adiabatic energies from Eq. (17) in which we will also
neglect some kinematic corrections Ay ;. The method of solving this equation is
described in the Appendix. The numerical values of the energies E ‘%O(Ak,, =0),
E‘%(A,’Z #0), and E*(A,, #0) for the states (n,, n,, ns) are given in Table 1, and
they are compared with the SCF and SCF CI energies. We see that the adiabatic
method gives reasonable results although the frequencies w; of the oscillators are
comparable. Let us note that for all states considered except the state (1,0, 0)
which strongly interacts with the state (0, 0, 2) as w, = 2w, the relations E*° < E
and E¥> E hold. These relations allow to estimate the accuracy of adiabatic

energies when the exact energy E is not known because AE¥=E“—_E<
E¥ - E*°

This accuracy depends on the order in which the variables are reduced i.e. on
the hierarchy assumed, but for our CO model this hierarchy is not obvious. In
order to prove whether the hierarchy assumed corresponds to the real hierarchy
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Table 1. Adiabatic energies E®?(Af,=0), E¥(AY, # 0} and E¥(Af, # 0) calculated by the reducing
of variables: x; - x, > x5, and ES°F and ESF energies of the three-dimensional CO. w, =13, w,=1,
0;=07, a,5=0a,,=-001, a,,=a,;=-0.1

n, n, ny BO Z A SCF* SCF CI“
0 0 0 1.4926 1.4950 1.4953 1.4951 1.4938
0 0 1 2.1842 2.1868 2.1870 2.1884 2.1852
0 1 0 2.4827 2.4899 2.4901 2.4883 2.4883
1 0 0 2.7738 2.7812 2.7815 2.7782 2.7721
0 1 1 3.1739 3.1815 3.1818 3.1815 3.1770
0 0 2 2.8726 2.8752 2.8754 2.8786 2.8736

? Calculated in [19]

in the system, let us calculate the energies of CO reducing variables in the order
X, > X; > ;. The results given in Table 2 show that although the frequency of the
first oscillator w, is less than w, this reduction is much more effective than the
previous one. These results are also much better than SCF results.

In order to analyse this interesting result let us calculate adiabatic energies in
both schemes of reduction for various values of the frequency ratios = w./ ;.
The adiabatic energies included in Table 3 show that for u;, = 0.5 both schemes

Table 2. Adiabatic energies E®9, E¥ and E* calculated by the reducing of variables:
X, > X, x5, and ES“F (exact) energies of the three-dimensional CO. The parameters
w; and a,; are the same as in Table 1

" ", n, RO Z o SCFCI®
0 0 0 1.4932 1.4939 1.4941 1.4938
0 0 1 2.1848 2.1855 2.1857 2.1852
0 1 0 2.4843 2.4864 2.4866 2.4857
1 0 0 2.7724 27731 27738 2.7721
0 1 1 3.1757 3.1777 3.1780 3.1770
0 0 2 2.8732 2.8739 2.8741 2.8736

¢ Calculated in [19]

Table 3. Adiabatic energies E®%, E¥ and E* calculated for the ground state of CO in both reduction
schemes: I (x;- x,—>x;) and II (x,- X, x3) for various p values. w;=0.7, a; o= a3 o= —0.01,
a;,=a;;=-0.1

32 0.7 0.7 0.7 0.5 0.5 0.5 0.3 0.3 0.3
o 0.7 0.5 0.3 0.7 0.5 0.3 0.7 0.5 0.3

BO 1.5581 1.8464 2.5148 2.0469 2.4480 3.3821 3.1817 3.8488 5.4046
I z 1.5599 1.8470 2.5149 2.0473 24481 3.3821 3.1818 3.8488 5.4046
A 1.5600 1.8471 2.5149 2.0474 2.4481 33821 3.1818 3.8483 5.4046

RO 1.5585 1.8464 2.5146 20470 2.4480 3.3820 3.1818 3.8488 5.4046
11 Z 15591 1.8471 2.5153 2.0472 2.4481 3.3822 3.1818 3.8488  5.4047
A 1.5593 1.8471 2.5153 2.0472 2.4481 33822 3.1818 3.8488 5.4047
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work very well (AE* = 107*) and for u,, = 0.5 the second scheme is more effective.
So, we see, that a reduction of the variables in order of decreasing frequencies
is not always the best. This fact indicates that the hierarchy in the system of CO
is not solely determined by wu.

In order to answer the question which parameters determine the hierarchy in the
system of CO let us calculate the errors AE?°=E?°—E determining E by
perturbation theory. With an accuracy to aj for both reduction schemes we obtain

AE®° =AE?) +AEYS, (25)
where

AETS (%1 %, %3) = 01 (s My = 2N, N (o (1 - 43,)) ™, (26a)

AETS (%= %12 %3) = 02712 My = 201Ny N (4, - 4)) 7, (26b)

AETS (61~ x5 x3) = 0,y (My = 23; Ny Ny (43, — 4)) ™!

= E?ff(xzexlaxﬁ (26¢)

where

Y= @i’ (27)
and

N,=n+1/2; M;=n?*+n,+1. (28)
We see that

1) the errors AE® almost never depend on the anharmonicity of CO because
in Egs. (26a-26c) the terms proportional to a;0a,; and a3, do not occur.

2) the parameters determining AE*° are u,; and effective coupling constants vy
as well.

3) |AE®(x; > x,> x3)|> |[AE#(x, > x, > x3)| for p,,=0.5 for the ground state
which elucidate the results in Table 3. So, for comparable frequencies w, = w,
the second scheme is better.

Now, let us analyse the role of kinematic corrections A,;"f, (we will consider here
the first reduction scheme). If Afl is taken into account, then for wu, «1,
AEY,=w,y5:M, and if A", is taken into account, then AE{, = w, 2,115, Ny N,/8.
So, these corrections improve the adiabatic energies. They are essential for the
strong couplings between the oscillators.

6. Conclusions

We proposed a new method for the solution of multi-dimensional problems. The
main idea of this method is a division of the whole configurational space of the
physical system into subspaces according to the hierarchy in the system. This
hierarchy determines the sequence of reduction of dynamical variables describing
the subsystems. This reduction allows to calculate the reduced wavefunctions
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and effective potentials for each subsystem and in consequence the total wave-
function and energy of the system considered. Thus, the adiabatic multi-step
separation method is very convenient for treating multi-level hierarchical systems.

We have applied this method to solve the multi-dimensional CO problem. We
have found the parameters determining the hierarchy in the CO system. They
are not only u, but also the effective coupling constants y,. Thus the adiabatic
method gives very good results even for u, =1 because, usually, I'yk,|<< 1 as in
the CO model considered.

The accuracy of the adiabatic energies hardly depends on the anharmonicity of
CO, so this method can be used for a wide class of anharmonic CO.

Adiabatic equations for CO can be solved rather simply without iterations as in
SCF method. Simplicity and accuracy of the method proposed make them very
useful in the CP problem.

Acknowledgement. This work was supported by PAN M.R.I. Project.

7. Appendix
7.1. Estimations of the adiabatic energy errors

Here we derive the relations (19a,b). From the variational principle for the
Schrodinger equation we have

E=(yHY), .<(o*Hp%), ,=&* (29)

where €% = %Tfﬂ is calculated from Egs. (14-16) in which ¢, should be replaced
by #7, ie.
gf+1 = <¢f1 T+ §f+ Zz: Azlfllﬁbf)k-
(eDest

Let us take the first equatlon from Eq. (18) with the index K in which some
kinematic corrections AK, do not occur. Then we have €% = €% and

r = (PRl T +EL+ Z AY kit Z[ A &
(Kz)eaf (K,De®
=gi+1+ E <¢KA 1¢K>k (30)
1
(KDeZ

Taking this equality into account we further obtain

z x z x
gi+2: g;{+2+ ZI <¢K+1AK+1¢K+1>K+1
(K+1,heZ

+ 2} <¢K+1¢KA 1¢K¢K+1>K,K+1 (31)
(KDeZ
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It is easy to see that for K+i=n+1 we will obtain

gx,, = %%+(k%‘ f(qs? AL I (32)

which after including the relation (29) provides the inequality (19a).

We shall now prove the inequality (19b). In this order let us consider Egs. (14)
for k< K. By applying the variational principle to Eq. (18, k=1) we obtain

%, = (¢1|T1+ V|¢1>1 Z((ﬁ?l I+ V|¢?>1 = %ff, (33)
For k=2 we have

g3 = (952! L+ %+ A2,1!¢2>2 = <¢2f T+ %)2”*‘ Aicfli(?z)z_‘i' <¢2IA2,1 - A§1,¢2>2-

Taking into account (33) and the variational principle for Eq. (18, k=2) we can
write

(o] Tt &+ AT )| d2), = (o] To + €5 + AT | 92),
=(¢5| T+ €5 + A |, = &5,
thus
€2 €3 + (o] Ay — AT1| 1),
In a similar way we will obtain for k=K —1

Ex = gi'*(k%: %<¢K—l co A — AL bk dx—Dk k-1

Now, taking k= K we have
Exr1= (x| T + &x + (K,% . Axildx)x =(dx|Tx + €%+ Y AL ldx)k
e 1
(KDeZ

+ Y (k- ¢k|Ak,l_Ai;z:Il¢k' bkt Y (dxkAxdx)k
(kDeZ (KheZ

If we consider corresponding relations for k=K +3,..., n+1, we will obtain
inequality (19b).

In a similar way we obtain the remaining relations given in Sect. 5.

7.2, Solution of adiabatic equations

Here we solve Eqs. (17). We first consider the case when Af, =0. The first equation
k=1 can be written in the form

[—%82/8xf+ Vi(xy5 %2, x3) + V3 (x5, x3) — %?0(752, x3)]¢fw(x1 1%, %3)=0 (34)
where

V= ‘:’%(xf"' 2K1,2x1x§+ 2K1,ox?)/2,

0, = (‘4)%““2‘11,33‘3)1/2,
o 2.2 2.2 3 (35)
Vi=(wx2+w3x;+ 2a;0%3)/2,

— ~2
KU— a,;j/wl.
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Introducing the variable x = x; —x7 where x| is the equilibrium coordinate for

which (8V;/6x,),2=0 we can write

[3(—0%/9x>+ (wx)*) + ay % + Vi(x7) + V3 — €391 77 =0
where

x7 =—K; ,x5(1+3K, oK, ,x3),

0’=@X(1+6K,x?),

Vi(x?) = —(6, K, 5x3)*/2.

(36)

(37

Applying the perturbation theory to Eq. (36) and expanding " in a power series

of the variable x, we obtain
€29 =Hw,x,) +u,xi+ U+ V3

where
w,= (w3 —66,K, oK, ,N;)"?,
U= —aijiz/Z,
U=a&;N,+Kjioes(1);

here
e;(i) =—(7+60N?)/16

and further
ex(i) =3(1+4N3})/8,
e,(i)=—(67+68N?)N,/16.

In analogous way we solve Eq. (17, k=2) with A, =0 and obtain
3
€7%(xs)= L Cx}
n=0

where
Co=w, N+ 0, No(1-d/2)+ k3 pes(1) ~ Q(1+d)/2+ P/4,
C, = ki 3(wN;+3dw,N,/2+ Q(1+3d/2)~ P),
C,=(w3/2)— ki3(2w, N, +15dw,N,+8Q)/4,
Cy=a30+ki0,N,/2

where
k= aijwl_z,
d =6k1,0k1,2w1N1w2“2,
Q= ex(2) (1K1 o/ @5)’,
P= 34(2)(“’1"1,2/“’2)4/ ;.

68

(39)

(40)

(41)

(42)
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Now, we find the E®7 energies as

E?% = €3%(x3)+ @3 N5+ Cles(3)/ &3 (43)
where

x3=((4C3-12C,C5)"*-2C,)/6C;,

. (44)
(l‘)’3 = (2C2+ 6C3x;)1/2.

In order to calculate E* energies we determine Af,(AfIEA‘E:,EAf,O
A%, =2K3,6,N,x3+ 18K} ,K, o, N,x3,
A = Myk7 5(1— 4k 3x3+ 24k, 1k, oNo/ 03)/16 (45)
A3, =9M,(k, ;b)*/64=10"
where
b =2w, Nk, ,(3ky 0— 2k, )/ 3. (46)

If we take into account the correction Afl in Eq. (17, k=1) then we calculate
energies denoted by E¥ replacing in formulae (41) d by b. If we also take into
account the correction Afl(AfZEO) then we must calculate energies denoted by
E* taking

Co+ M, k3 5(1+24k, 2k, s No/ 03)/16
instead of C, and

C,— Mk} ,/4
instead of C,.

In a similar way we can calculate energies E*°, E* and E* for the division of
the space X = (x;, x,, x;3) into subspaces 1=(x,), 2=(x,), 3={(x;).
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